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We analyze the Fick’s diffusion of a gas inside porous nanomaterials through the one-dimensional diffusion equation in nanopores for various cases
of boundary conditions for homogeneous and non-homogeneous problems. We study the diffusion problems, starting without adsorption of the gas
inside the pores, to more complex situations with surface adsorption in the pore walls and at the pore tips. Different methods of solution are reviewed
depending on the problem, such as similarity transformation, Laplace transform, separation of variables, Danckwerts method and the Green’s functions
technique. The recovery step when the diffusion process stops and reached the steady-state is presented as well for the different problems.
I. Introduction
In the last decades, research on sensors fabricated with nano-
materials increased due to their broad range of applications from
optoelectronics to sensors (1–3).
Porous silicon —PS— is a nanomaterial obtained by electro-
chemical anodization of crystalline silicon —c-Si— wafers in hy-
drofluoric acid —HF— solutions containing a surfactant such as
ethanol—EtOH—. Under proper preparation conditions, a porous
network grows inside the c-Si wafer with pores sizes varying from
2 nm up to 10 µm, and surface areas up to 800m2 g−1. Due to these
properties, its fast preparation and its diverse and tuneable opti-
cal, electrical and surface-chemical properties predestined PS for
sensor and biosensor applications (4–10).
We present an analysis of the different approaches to the one-
dimensional diffusion equation, considering nanoscale mass trans-
port inside a porous material. Consider a porous thin film on a
substrate with an idealized cylindrical close-end pore —so that
there is no net hydrodynamic flow into the pore, thus, neglect-
ing advective transport— with length Ln and radius Rn —Fig. 1—.
The transport always occurs in gas phase by neglecting Kelvin
condensation in the nanopores. Adsorption and desorption time
scales vary depending upon substrate surface and analyte species,
but they typically fall in the range ≈10−6 s to 10−3 s, compared to
the diffusion times in the 10−11 s. Considering the length and time
scales above, the justifications for the use of the continuum assump-
tion are not applicable. The requirement that the characteristic
system length scale is large when compared to the characteristic
molecular length scale is equivalent to the requirement that the
Knudsen number, Kn ≡ μ
√
RT/M/(PRn), be small. For instance,
in PS nanopores, Kn ≈ 5. Thus, it would appear that the contin-
uum assumption should not be applied and that the governing
equation for mass transport should be the more general Boltz-
mann transport equation. However, it has been demonstrated
that a Fickian-like continuum model can still be used to describe
mass transport in gasses at moderate Knudsen numbers provided
the diffusion coefficient is appropriately modified to account for
rarefaction effects (11).
We present the diffusion problems, from simple without adsorp-
tion to more complex situations with surface adsorption in the
pore walls and at the pore tips. We review different methods of
solution depending on the problem and the boundary conditions,
such as similarity transformation, Laplace transform, separation
of variables, Danckwerts method and the Green’s functions tech-
nique. We study as well the recovery step, when the diffusion
process stops and reached the steady-state, for the different prob-
lems.
II. Diffusion problem at the nanoscale
A simplified version of the problem is reached assuming that the
difference between the concentration at the pore wall and a cross-
sectional area weighted average concentration are negligible. At
least for short times, the fraction of active sites per unit area filled
with the adsorbed species is negligible, and only adsorption —no
desorption— occurs at an appreciable rate. Thus, removing the
radial coordinate, the general dimensionless governing problem
results as follow:
(DE): ∂tc∗ = ∂xxc∗ − βα2c∗, 0 < x∗ < 1, t∗ > 0, (1a)
(BC-1): c∗(0, t∗) = 1, t∗ > 0, (1b)
(BC-2): ∂xc∗(1, t∗) + γα2c∗(1, t∗) = 0, t∗ > 0, (1c)
(IC): c∗(x∗, 0) = 0, 0 < x∗ < 1, (1d)
where c∗(x∗, t∗) = c(x, t)/c0 is the concentration normalized to
the initial c0, x∗ = x/Ln is the dimensionless space coordinate,
t∗ = t DKn/L2n is the dimensionless time, DKn = Rn
√
RT/M is the
Knudsen diffusion, with R is the universal gas constant, T is the
temperature and M is the mole average molecular weight of the
gas mixture. The parameter α = kaLnN/DKn where ka is the rate
coefficient for adsorption, and N the number of active sites per
unit area of surface (11). The parameters β and γ serve to describe
the general problem and will take values 0 or 1 depending on the
different problems and boundary conditions considered.
III. Recovery process from diffusion
For sensing purposes, is interesting to determine the mathemat-
ical solution to the problem of diffusion, once the steady-state is
reached and the point of diffusion is off. The steady-state is cal-
culated taking the limit of the solutions of the diffusion problems
discussed before when the time tends to infinity. Switching off
the source of diffusion is done by setting the Dirichlet BC-1 (1b) to
zero, giving the general problem for the normalized concentration
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L. N. Acquaroli. Gas diffusion in nanoporous thin films.
Fig. 1: Scheme of a nanoporous thin film surrounded by gas at the top
and sitting on a solid substrate. The detail on the right shows an idealized
cylindrical geometry used to analyze transient axisymmetric diffusion in
a nanopore.
u∗(x∗, t∗) as follow:
(DE): ∂tu∗ = ∂xxu∗, (2a)
(BC-1): u∗(0, t∗) = 0, (2b)
(BC-2): ∂xu∗(1, t∗) = 0, (2c)
(IC): u∗(x∗, 0) = c∗(x∗,∞). (2d)
IV. Solutions to the diffusion problem without
adsorption
We will tackle different approaches to solve the system (1) de-
pending on the conditions established. First, we will consider the
problem without adsorption, i.e., setting β = γ = 0 in (1) and solv-
ing the problem simplest diffusion equation with Dirichlet and
Neumann boundary conditions using three different approaches.
IV.1. Similarity transformation
Similarity transformations to PDEs are solutions which relies
on treating independent variables in groups rather than separately.
Setting β = γ = 0 in problem (1) gives:
(DE): ∂tc∗ = ∂xxc∗, (3a)
(BC-1): c∗(0, t∗) = 1, (3b)
(BC-2): ∂xc∗(1, t∗) = 0, (3c)
(IC): c∗(x∗, 0) = 0, (3d)
We seek a solution of the form (12)
c∗ = (t∗)r g(η∗), η∗ = x
∗
√
t∗
, (4)
where r is chosen arbitrarily to satisfy the BCs. Then, we plug (4)
into (3a):
∂tc∗ = (t∗)r−1 rg − (t∗)r−1 η
∗ g′
2
, (5a)
∂xxc∗ = (t∗)r−1 g′′. (5b)
We set r = 1/2 to satisfy the BCs in the final transformed ODE:
(DE): g′′ +
η∗
2
g′ − 1
2
g = 0, (6a)
(BC-1): g(η∗ → 0) → 1, (6b)
(BC-2): g′(η∗ →∞) → 0. (6c)
Using the transformation g(η∗) = η∗ f (η∗) in (6a) gives the differ-
ential equation: η∗ f ′′ + [2 + (η∗)2/2] f ′ = 0. Solving for f and
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Fig. 2: Concentration profiles of the similarity solution: (top) Eq. (8) with
legends indicating different t∗; (bottom) Eq. (10).
applying the anti-transformation, we get:
g(η∗) = 1
2
[
2 exp(−(η∗)2/4) − √pi η∗ + η∗ erf(η∗/2)] . (7)
Thus, combining Eqs. (4) and (7), the solution of (3) results as follow:
c∗(x∗, t∗) = √t∗ exp
(
− x
∗
4t∗
)
−
√
pi
2
x∗erfc
(
x∗
2
√
t∗
)
. (8)
Integration of (8) over x∗ yields the time solution of the concen-
tration:
c∗(t∗) =
∫ 1
0
c∗(x∗, t∗) dx∗ (9)
=
1
2
√
t∗ exp
(
− 1
4t∗
)
+
√
pi
4
[
(1 + 2t∗) erf
(
1
2
√
t∗
)
− 1
]
.
(10)
Equation (8) shows a decay behavior which strongly depends
on t∗, while the time profile of Eq. (10) builds up until it reaches
the end of the pore, without clear saturation —Fig. 2—.
IV.2. Laplace transform
The method of Laplace transform is widely used in the solu-
tion of time-dependent diffusion problems because the partial
derivative with respect to the time variable is removed from the
differential equation of diffusion and replaced with a parameter,
s, in the transformed field. Thus, this technique to solve PDEs
is relatively straightforward, however, the inversion of the trans-
formed solution generally is rather involved unless the inversion
is available in the standard Laplace transform tables (13,14). In fact,
to simplify the inverse of the Laplace transform in our problem,
we change the limits of the BCs, as if we flipped the thin film in
the spatial coordinate. By setting β = γ = 0 in (1), we get:
(DE): ∂tc∗ = ∂xxc∗, (11a)
(BC-1): ∂xc∗(0, t∗) = 0, (11b)
(BC-2): c∗(1, t∗) = 1, (11c)
(IC): c∗(x∗, 0) = 0, (11d)
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We start by taking the Laplace transform, L, of each term of (11)
as follow:
L[ ∂xxc∗] = cˆ′′(x∗, s), (12a)
L[ ∂tc∗] = s cˆ(x∗, s) − c∗(x∗, 0) = s cˆ(x∗, s), (12b)
L[ ∂xc∗(0, t∗)] = L[0] = cˆ′(0, s) = 0, (12c)
L[c∗(1, t∗)] = L[1] = cˆ(1, s) = 1
s
, (12d)
where the variable cˆ = cˆ(x∗, s) represents the concentration in the
transformed field, where s is a parameter, not a variable. Then, the
PDE of problem (11) is transformed into the following ODE:
(DE): cˆ′′ − scˆ = 0, (13a)
(BC-1): cˆ′(0, s) = 0, (13b)
(BC-2): cˆ(1, s) = 1
s
, (13c)
The general solution for problem (13) has the form (14)
cˆ = A1 cosh(x∗
√
s) + A2 sinh(x∗
√
s), (14a)
cˆ′ = A1
√
s sinh(x∗√s) + A2
√
s cosh(x∗√s). (14b)
Applying the BCs to the solution (14), gives A1 = [s cosh(√s)]−1
and A2 = 0. Plugging these constants into (14a), we get the solution
in the transformed field:
cˆ(x∗, s) = cosh(x
∗√s)
s cosh(√s) . (15)
The inverse of the Laplace transform,L−1, of (15), is found in tables
and gives the following solution to (11) (14):
c∗(x∗, t∗) = L−1[cˆ(x∗, s)] (16)
= 1 + 2
∞∑
n=1
(−1)n
λn
cos(λnx∗) exp(−λ2nt∗). (17)
where λn = (n − 1/2)pi, n ∈ Z+. The time profile is —Eq. (9)—:
c∗(t∗) = 1 − 2
∞∑
n=1
1
λ2n
exp(−λ2nt∗). (18)
Solutions obtained with Laplace transform are plotted in Fig. 3.
IV.3. Separation of variables
The inverse of Laplace transform is useful when the anti-
transformation is generally tabulated. Otherwise, it involves fur-
ther complicated steps depending on the solution in the trans-
formed field. The method of separation of variables presents as
an alternative. To use this method, we split the problem (3) into
an equilibrium steady-state part, v(x∗), plus a non-equilibrium
displacement part, w(x∗, t∗) (13). By doing this, we send the non-
homogeneity in BC-1 to the IC. Thus,
c∗(x∗, t∗) = v(x∗) + w(x∗, t∗), (19)
The steady-state part problem is:
(DE): v′′(x∗) = 0
(BC-1): v(0) = 1
(BC-2): v′(1) = 0
 v(x
∗) = 1. (20)
The non-equilibrium problem is built from expression (19),
w∗(x∗, t∗) = c(x∗, t∗) − v(x∗), with homogenous BCs as follow:
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Fig. 3: Concentration profiles using the Laplace transform solution: (top)
Eq. (17) with legends indicating different t∗; (bottom) Eq. (18). Note the
inversion of the boundary conditions.
(DE): ∂tw = ∂xxw, (21a)
(BC-1): w(0, t∗) = 0, (21b)
(BC-2): ∂xw(1, t∗) = 0, (21c)
(IC): w(x∗, 0) = c∗(x∗, 0) − v(x∗) = −v(x∗), (21d)
where c∗(x∗, 0) = 0 in the IC results from (11d). Replacing
w(x∗, t∗) = p(x∗) q(t∗) in (21a) gives:
p′′
p
=
q′
q
= −λ2, (22)
where λ is an arbitrary separation constant. Last expression
yields two ordinary differential equations for x∗ and t∗. The x∗-
dependent part satisfies the eigenvalue problem with two homo-
geneous boundary conditions as follow:
(DE): p′′ + λ2p = 0, (23a)
(BC-1): p(0) = 0, (23b)
(BC-2): p′(1) = 0. (23c)
The general solution of (23) is
p(x∗) = A1 cos(λx∗) + A2 sin(λx∗), (24a)
p′(x∗) = −A1λ sin(λx∗) + A2λ cos(λx∗). (24b)
Placing the BCs we obtain the nontrivial solutions A1 = 0 and
A2 cos(λ) = 0. Since the cosine is a periodic function, the eigen-
value λmust satisfy the solution for every positive odd half-integer
of pi , hence, the eigenvalues are given by
λn =
(
n − 1
2
)
pi, n ∈ Z+. (25)
The eigenfunction corresponding to the eigenvalue λn is
pn(x∗) = A2 sin(λnx∗). (26)
The time-dependent ODE equation that results from (22)
q′(t∗) + λ2q(t∗) = 0 (27)
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Fig. 4: Concentration profiles using the separation of variables solution:
(top) Eq. (36) with legends indicating different t∗; (bottom) Eq. (37).
has the following general solution:
qn(t∗) = q(0) exp(−λ2nt∗). (28)
Therefore, the product solution of (21) is
wn(x∗, t∗) = Bn sin(λnx∗) exp(−λ2nt∗). (29)
where Bn = A2 q(0). The principle of superposition shows that
wn, with n ∈ Z+, are solutions of a linear homogeneous problem.
It follows that any linear combination of these solutions is also
a solution of the linear homogeneous equation (21). Thus, taking
into account that Bn could be different for each solution, we have
w(x∗, t∗) =
∞∑
n=1
Bn sin(λnx∗) exp(−λ2nt∗). (30)
The initial condition is satisfied if
w(x∗, 0) = −v(x∗) =
∞∑
n=1
Bn sin(λnx∗). (31)
We first multiply both sides of (31) by pm(x∗)—for a given integer
m of n—, and integrate over x∗:
−
∫ 1
0
v(x∗) sin(λmx∗) dx∗ =
∞∑
n=1
Bn
∫ 1
0
sin(λnx∗) sin(λmx∗) dx∗.
(32)
The orthogonality property of the sine function implies that each
term of the sum is zero whenever n , m, then, the only term that
appears on the right-hand side occurs when m is replaced by n:
−
∫ 1
0
v(x∗) sin(λnx∗) dx∗ = Bn
∫ 1
0
sin2(λnx∗) dx∗. (33)
Solving for Bn we obtain:
Bn = −
∫ 1
0 v(x∗) sin(λnx∗) dx∗∫ 1
0 sin
2(λnx∗) dx∗
= −2
∫ 1
0
v(x∗) sin(λnx∗) dx∗.
(34)
Replacing v(x∗) = 1, results in
Bn = −2
∫ 1
0
sin(λnx∗) dx∗ = − 2λn . (35)
Combining Eqs. (19), (30) and (35), the final solution to the problem
is:
c∗(x∗, t∗) = 1 −
∞∑
n=1
2
λn
sin(λnx∗) exp(−λ2nt∗) (36)
where the time-profile defined as
c∗(t∗) = 1 −
∞∑
n=1
2
λ2n
exp(−λ2nt∗). (37)
and the eigenvalues given by (25). Plots of (36) and (37) are shown
in Fig. 4.
V. Solutions to the diffusion problem with
adsorption
Now we will consider two approaches to solve the system (1)
with adsorption. There are solutions to this problem in literature,
for β = 1 and γ = 0, giving rise to the surface adsorption effect
inside the pores’ walls, except at the bottom of the pore. We re-
view this problem and also the solution for the Robin —mixed—
boundary condition, γ = 1, when the adsorption at the pore-tip is
considered.
V.1. Adsorption in the wall’s surface of the pore
Setting β = 1 and γ = 0 in (1) becomes a reaction-diffusion
problem with Dirichlet and Neumann boundary conditions as
follow:
(DE): ∂tc∗ = ∂xxc∗ − α2c∗, (38a)
(BC-1): c∗(0, t∗) = 1, (38b)
(BC-2): ∂xc∗(1, t∗) = 0, (38c)
(IC): c∗(x∗, 0) = 0. (38d)
In the literature, exists solutions to this problem using eigenfunc-
tion expasion (11), superposition of solutions (15) and Laplace trans-
form (16). Here, taking advantage to the constant nature of the BCs
we solve this problem using the Danckwerts method (12), which
consists in solving the homogeneous DE, keeping the BCs and IC,
(DE): ∂t cˆ = ∂xx cˆ, (39a)
(BC-1): cˆ(0, t∗) = 1, (39b)
(BC-2): ∂x cˆ(1, t∗) = 0, (39c)
(IC): cˆ(x∗, 0) = 0. (39d)
and then expressing the solution as follow:
c∗(x∗, t∗) = α2
∫ t
0
cˆ(x∗, τ) exp (−α2τ)dτ+ cˆ(x∗, t∗) exp (−α2t∗).
(40)
Problem (39) is the same as (3), with solution given by Eq. (36).
Thus, plugging this solution in (40), we get:
c∗(x∗, t∗) = 1−
∞∑
n=1
2
λn
sin(λnx∗)
{
α2 + λ2n exp [−(α2 + λ2n)t∗]
(α2 + λ2n)
}
,
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Fig. 5: Concentration profiles using the separation of variables solution:
(top) Eq. (41) with legends indicating different t∗; (bottom) Eq. (42). For all
cases, α2 = 0.01.
(41)
with λn = (n − 1/2)pi , n ∈ Z+. The time profile is given by:
c∗(t∗) = 1 −
∞∑
n=1
2
λ2n
{
α2 + λ2n exp [−(α2 + λ2n)t∗]
(α2 + λ2n)
}
. (42)
Solutions of (41) are presented in Figs. 5 and 6 for different values
of α2. Using Duhamel’s theorem (14) gives the same results.
V.2. Adsorption in the wall’s surface and tip of the pore
Setting β = 1 and γ = 1 in (1) becomes the following reaction-
diffusion problem with Dirichlet and Robin boundary conditions:
(DE): ∂tc∗ = ∂xxc∗ − α2c∗, (43a)
(BC-1): c∗(0, t∗) = 1, (43b)
(BC-2): ∂xc∗(1, t∗) + α2c∗(1, t∗) = 0, (43c)
(IC): c∗(x∗, 0) = 0. (43d)
We define the transformation c∗ = exp(−α2t∗) cˆ, and plug it into
(43), which results as follow:
(DE): ∂t cˆ = ∂xx cˆ, (44a)
(BC-1): cˆ(0, t∗) = exp(α2t∗) = f1(t∗), (44b)
(BC-2): ∂x cˆ(1, t∗) + α2 cˆ(1, t∗) = 0 = f2(t∗), (44c)
(IC): cˆ(x∗, 0) = 0 = F(x∗). (44d)
Notice that the transformation introduced not only removes the
reaction term, but also replaces the Dirichlet BC-1 with a time-
dependent condition, f1(t∗). For convenience, we wrote f2(t∗) as
the BC-2, and F(x∗) to the IC, although they are homogeneous. We
solve problem (44) using theGreen’s functionmethod (14), where the
solution expressed in terms of the Green’s function,G(x∗, t∗ |x†, τ),
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Fig. 6: Concentration profiles using the separation of variables solution:
(top) Eq. (41) with legends indicating different t∗; (bottom) Eq. (42). For all
cases, α2 = 1.
is as follow:
cˆ(x∗, t∗) =
∫ 1
0
G(x∗, t∗ |x†, 0) F(x†) (x†)m dx†
+
∫ t∗
0
∫ 1
0
G(x∗, t∗ |x†, τ) g(x†, τ) (x†)m dx† dτ
+
N∑
i=1
∫ t∗
0
xmi G(x∗, t∗ |xi, τ) fi(τ) dτ (45)
where (x†)m is the Sturm-Liouville weight function with m = 0
for rectangular spatial coordinate, xi is the ith boundary point of
the total N boundary conditions prescribed, g(x∗, t∗) is the genera-
tion term—eliminated by the transformation—, F(x∗) is the initial
condition, and fi(t∗) are the non-homogeneous boundary condi-
tions functions. Notice that for a Dirichlet boundary condition,
we should replace G(x∗, t∗ |xi, τ) by ∂x†G(x∗, t∗ |xi, τ).
To find the Green’s function that solves the problem, we first
solve the associated homogeneous problem of (44):
(DE): ∂tψ = ∂xxψ, (46a)
(BC-1): ψ(0, t∗) = 0, (46b)
(BC-2): ∂xψ(1, t∗) + α2ψ(1, t∗) = 0, (46c)
(IC): ψ(x∗, 0) = F(x∗). (46d)
Separation of variables, ψ(x∗, t∗) = p(x∗)q(t∗), leads to the related
boundary value problem of (46),
(DE): p′′ + λp = 0, (47a)
(BC-1): p(0) = 0, (47b)
(BC-2): p′(1) + α2p(1) = 0, (47c)
with eigenfunctions pn(x∗) = sin(λnx∗) and the corresponding
eigenvalues λn, defined as the roots of the trascendental equation,
λn cot λn + α2 = 0. When n tends to infinity, λn cot λn ∼ (n −
1/2)pi . Thus, the eigenvalues express as λn = (n − 1/2)pi + α2,
n ∈ Z+. The difference comparing boundary value problems
(47) with (23), lies in the eigenvalues due to the BC-2 conditions
—Robin and Neumann— of the problem. The time-dependent
solution is qn(t∗) = q(0) exp(−λ2nt∗), where the initial condition is
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Fig. 7: Concentration profiles using the separation of variables solution:
(top) Eq. (44) with legends indicating different t∗; (bottom) Eq. (46). For all
cases, α2 = 0.01.
obtained using the same procedure as before in Eqs. (31)-(34):
q(0) = 2
∫ 1
0
pn(x†) F(x†) dx†. (48)
The solution of (46) is
ψ(x∗, t∗) =
∞∑
n=1
pn(x∗) qn(t∗)
=
∞∑
n=1
pn(x∗) q(0) exp(−λ2nt∗)
=
∫ 1
0
[ ∞∑
n=1
2pn(x∗)pn(x†) exp(−λ2nt∗)
]
F(x†) dx†.
(49)
Last equation establishes the solution to the associated homoge-
neous problem. Rearranging Eq. (49) expressed in the form
ψ(x∗, t∗) =
∫ 1
0
K(x∗, x†, t∗) F(x†) dx†. (50)
implies that all the terms in the solution, except the initial condi-
tion function, are lumped into a single term K(x∗, x†, t∗), called
the kernel of the integration. Considering the Green’s function
approach for the solution of the same problem, the Green’s func-
tion evaluated at τ = 0 is equivalent to the kernel of integration:
G(x∗, t∗ |x†, 0) ≡ K(x∗, x†, t∗). Hence, the kernel obtained by rear-
ranging the homogeneous part of the transient problem into the
form given by Eq. (50), represents the Green’s function evaluated
at τ = 0. The full Green’s function, G(x∗, t∗ |x†, τ), is obtained
replacing t by t − τ in G(x∗, t∗ |x†, 0) (14). Thus, the full Green’s
function determined from Eq. (49) is given by
G(x∗, t∗ |x†, τ) =
∞∑
n=1
2pn(x∗)pn(x†) exp[−λ2n(t∗ − τ)]
=
∞∑
n=1
2 sin(λnx∗) sin(λnx†) exp[−λ2n(t∗ − τ)]
(51)
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Fig. 8: Concentration profiles using the separation of variables solution:
(top) Eq. (44) with legends indicating different t∗; (bottom) Eq. (46). For all
cases, α2 = 1.
Now that we have calculated the Green’s function, we proceed to
solve problem (44), using (45), with F(x∗) = 0, g(x∗, t∗) = 0, and
f2(t∗) = 0 in the BC-2. Also, since the BC-1 is of the first type, we
replace G by ∂x†G:
∂x†G(x∗, t∗ |xi, τ) =
∞∑
n=1
2λn sin(λnx∗) cos(λnx†) exp[−λ2n(t∗−τ)].
(52)
Then, Eq. (45) reduces to the following:
cˆ(x∗, t∗) =
∞∑
n=1
2λn sin(λnx∗)
[
exp(α2t∗) − exp(−λ2nt∗)
(α2 + λ2n)
]
. (53)
The final solution to problem (43) is recovered taking the anti-
trasformation, c∗ = cˆ exp(−α2t∗):
c∗(x∗, t∗) =
∞∑
n=1
2λn sin(λnx∗)
{
1 − exp[−t∗(α2 + λ2n)]
(α2 + λ2n)
}
. (54)
with λn = (n − 1/2)pi + α2, n ∈ Z+ and time profile as follow:
c∗(t∗) =
∞∑
n=1
2[1 − cos(λn)]
{
1 − exp[−t∗(α2 + λ2n)]
(α2 + λ2n)
}
. (55)
Figures 7 and 8 show (54) and (55) for α2 = 0.01 and α2 = 1 for
different times.
VI. Solutions to the recovery process
We will calculate the recovery process for three cases: no ad-
sorption from separation of variables, adsorption with zero-flux
and with non-zero flux at the end of the pores. Notice that for the
similarity solution, the steady-state is never reached.
VI.1. Recovery step without adsorption
The solution of the diffusion problem without adsorption is
given by Eq. (36), where the steady-state is reached at c∗(x∗,∞) = 1.
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Fig. 9: Concentration profiles in the recovery process without adsorption:
(top) Eq. (57) with legends indicating different t∗; (bottom) Eq. (58).
Then, the problem to solve is as follow:
(DE): ∂tu∗ = ∂xxu∗, (56a)
(BC-1): u∗(0, t∗) = 0, (56b)
(BC-2): ∂xu∗(1, t∗) = 0, (56c)
(IC): u∗(x∗, 0) = 1. (56d)
The solution of this problem is similar to that of (21), except for
the negative sign in the IC. Following the same procedure, we
calculated the solution by separation of variables to be
u∗(x∗, t∗) =
∞∑
n=1
2
λn
sin(λnx∗) exp(−λ2nt∗). (57)
with λn = (n − 1/2)pi , n ∈ Z+ and time profile
u∗(t∗) =
∞∑
n=1
2
λ2n
exp(−λ2nt∗). (58)
Figure 9 shows the recovery solutions for non-adsorption.
VI.2. Recovery step with surface adsorption
The solution of the diffusion problem is given by Eq. (41) and
the recovery process by
(DE): ∂tu∗ = ∂xxu∗ − α2u∗, (59a)
(BC-1): u∗(0, t∗) = 0, (59b)
(BC-2): ∂xu∗(1, t∗) = 0, (59c)
(IC): u∗(x∗, 0) = 1 −
∞∑
n=1
(
2
λn
) (
α2
α2 + λ2n
)
sin(λnx∗).
(59d)
We solve the homogeneous DE using Danckwerts’ method, the
problem becomes
(DE): ∂tuˆ = ∂xxuˆ, (60a)
(BC-1): uˆ(0, t∗) = 0, (60b)
(BC-2): ∂xuˆ(1, t∗) = 0, (60c)
(IC): uˆ(x∗, 0) = 1 −
∞∑
n=1
(
2
λn
) (
α2
α2 + λ2n
)
sin(λnx∗).
(60d)
Separation of variables, uˆ(x∗, t∗) = p(x∗)q(t∗), leads to the bound-
ary value problem
(DE): p′′ + λp = 0, (61a)
(BC-1): p(0) = 0, (61b)
(BC-2): p′(1) = 0, (61c)
with same solution as that of (23) with p(x∗) = A2 sin(λnx∗) and
λn = (n − 1/2)pi , n ∈ Z+. Setting q(t∗) = q(0) exp(−λ2nt∗), we get
uˆ∗(x∗, t∗) =
∞∑
n=1
Bn sin(λnx∗) exp(−λ2nt∗). (62)
where Bn = A2q(0). Applying the IC we calculate Bn as follow:
uˆ∗(x∗, 0) =
∞∑
n=1
Bn sin(λnx∗)∫ 1
0
uˆ∗(x∗, 0) sin(λmx∗)dx∗ =
∫ 1
0
∞∑
n=1
Bn sin(λnx∗)dx∗. (63)
Replacing uˆ∗(x∗, 0) by IC (60d) and using the orthogonality prop-
erty of sines in Eq. (63), we find
Bn =
2λn
α2 + λ2n
. (64)
Then,
uˆ∗(x∗, t∗) =
∞∑
n=1
2
(
2λn
α2 + λ2n
)
sin(λnx∗) exp(−λ2nt∗). (65)
Combining last expression with (40), we find
u∗(x∗, t∗) =
∞∑
n=1
2 sin(λnx∗)
{
λn[α2 + λ2n exp[−t∗(α2 + λ2n)]]
(α2 + λ2n)2
}
.
(66)
with λn = (n − 1/2)pi , n ∈ Z+. The time profile is given by
u∗(x∗) =
∞∑
n=1
2
{ [α2 + λ2n exp[−t∗(α2 + λ2n)]]
(α2 + λ2n)2
}
. (67)
Figures 10 and 11 show the recovery solutions considering sur-
face adsorption with zero flux at the end of the pores for two
values of α.
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Fig. 10: Concentration profiles using the separation of variables solution:
(top) Eq. (66) with legends indicating different t∗; (bottom) Eq. (67). For all
cases, α2 = 0.01.
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Fig. 11: Concentration profiles using the separation of variables solution:
(top) Eq. (66) with legends indicating different t∗; (bottom) Eq. (67). For all
cases, α2 = 1.
VI.3. Recovery step with surface and pore-end adsorption
The problem is defined as follow:
(DE): ∂tu∗ = ∂xxu∗ − α2u∗, (68a)
(BC-1): u∗(0, t∗) = 0, (68b)
(BC-2): ∂xu∗(1, t∗) + α2u∗(1, t∗) = 0, (68c)
(IC): u∗(x∗, 0) =
∞∑
n=1
(
2λn
α2 + λ2n
)
sin(λnx∗). (68d)
where the IC is given by the steady-state of Eq. (54). Using the
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Fig. 12: Concentration profiles using the separation of variables solution:
(top) Eq. (73) with legends indicating different t∗; (bottom) Eq. (74). For all
cases, α2 = 0.01.
transformation u∗ = uˆ exp(−a2t∗) we have
(DE): ∂tuˆ = ∂xxuˆ, (69a)
(BC-1): uˆ(0, t∗) = 0, (69b)
(BC-2): ∂xuˆ(1, t∗) + α2uˆ(1, t∗) = 0, (69c)
(IC): uˆ(x∗, 0) =
∞∑
n=1
(
2λn
α2 + λ2n
)
sin(λnx∗). (69d)
Separation of variables leads to the following boundary value
problem:
(DE): p′′ + λp = 0, (70a)
(BC-1): p(0) = 0, (70b)
(BC-2): p′(1) + α2p(1) = 0, (70c)
Problem (70) is the same as (47), with pn(x∗) = sin(λnx∗) and
λn = (n − 1/2)pi + α2 + α2, n ∈ Z+. We consider a time solution of
the form q(t∗) = q(0) exp(−λ2nt∗), with
q(0) = 2λn
α2 + λ2n
(71)
calculated as above. Then, the solution to (69) is
uˆ(x∗, t∗) =
∞∑
n=1
(
2λn
α2 + λ2n
)
sin(λnx∗) exp(−λ2nt∗). (72)
Using the anti-trasformation, u∗ = uˆ exp(−α2t∗), we arrive at the
solution of (68):
u∗(x∗, t∗) =
∞∑
n=1
(
2λn
α2 + λ2n
)
sin(λnx∗) exp[−t∗(α2 + λ2n)] (73)
with time profile
u∗(t∗) =
∞∑
n=1
2
[
1 − cos(λn)
α2 + λ2n
]
exp[−t∗(α2 + λ2n)]. (74)
Figures 12 and 13 show the recovery solutions considering sur-
face adsorption with zero flux at the end of the pores for two
values of α.
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Fig. 13: Concentration profiles using the separation of variables solution:
(top) Eq. (73) with legends indicating different t∗; (bottom) Eq. (74). For all
cases, α2 = 1.
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